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PREFACE

This text is intended for a brief introductory course in plane geometry,
It covers the topics from elementary geometry that are most likely to be
required for more advanced mathematics courses, The only prerequisite is a
semester of algebra,

The emphasis is on applying basic geometric principles to the numerical
solution of problems, Foxr this purpose the number of theorems and definitions
is kept small, Proofs are short and intuitive, mostly in the style of those
found in a typical trigoncmetry or precalculus text, There is little
attempt to teach theorem-proving or formal methods of reasoning, However
the topics are ordered so that they may be taught deductively,

The problems are arranged in pairs so that just the odd-numbered or
just the even-numbered can be assigned, For assistance, the student may
refer to a large number of completely worked-out examples, Most problems
are presented in diagram form so that the difficulty of translating words
into pictures is avoided, Many problems require the solution of algebraic
equations in a geometric context, These are included to reinforce the
student's algebraic and numerical skills, A few of the exercises involve
the application of geometry to simple practical problems, These serve
primarily to convince the student that what he or she is studying is useful,
Historical notes are added where appropriate to give the student a greater
appreciation of the subject,

This book is suitable for a course of about 45 semester hours, A
shorter course may be devised bty skipping proofs, avoiding the more complicated

problems and omitting less crucial topics,
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CHAPTER I
LINES, ANGLES, AND TRIANGLES
1.1 LINES
Geometry (from Greek words meaning earth-measure) originally
T
developred as a means of surveying land areas, In its simplest form, it
is a study of figures that can be drawn on a perfectly smooth flat

surface, or plane, It is this plare geometry which we will study in this
B P av T

bock and which serves as a foundation for trigonometry, solid and analytic
geometry, and calculus,

The simplest figures that can be drawn on a plane are the point and
the line, By a EEEE.“E will always mean a straight 33333 Throﬁgh two
distinct points one and only one (straight) line can te drawn, The line
through points A and B will be denoted by<Z§ (Figure 1), The arrows
indicate that the line extends indefinitely in sach dirsction, The line segment
from A to B consists of A, B and that part of zg’between A and B,
It is denoted by AB,* The ray ;g is the part affﬁg which begins at A

-

and extends indefinitely in the direction of B,

S - > - N
A 8 A B A B
- —
line AB line segment AB ray AB

> —
Figure 1, Line AB, line segment AB, and ray AB,

We assume everycne is familiar with the nction of length of a
[ O Wy N

line segment and how it can te measured in inches, or feet, or meters, etec,

The distance tetween two roints A and B is the same as the length of AB,
A T

*Some textbcoks use the notation AB for line segment,
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Two line segments are equal if they have the same length,
R N

In Figure 2, AB = CD,

3  inhches 3 ihches

A B C D

Figure 2, AB = CD,

We often indicate two line segments are equal by marking them in the same way,

In Figure 3, AB = CD and EF = GH,

Li ;o

-~
1
s
[l
Il |
o M

(&%
L
|
&)



Check: AR = CD 3
3x - 4
3(3) - 6 3
—~ .
Q@ -0
i
’J
\nswer: x =3

Notice that in EXAMPLE A we have not indicated the unit of measurement,
Strictly speaking, we should specify that AB = 3x - 6 inches (or feet or
meters) and that BC = x inches, However since the answer would still be
x = 3 we will usually omit this information tc save space,

We say that B is the Tifgﬁiﬁﬁ of AC if B is A point on AC and

AB = BC (see Figure 4),

A B C

Figure 4, B is the midpoint of AC,

EXAMPLE B, Find x and AC if B is the midpoint of AC and AB = 5(x - 3)
and BC = 9 - x,
Solution: We first draw a picture to help visualize the given

information:
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If x = 6 then AB = x° = 6 = 6% = 6 = 36 - 6 = 30,
If x = =1 then AB = (-1)2 -6=1-6=-5,
We reject the answer x = -1 and AB = =5 because the length of a line segment

is always positive, Therefore x = 6 and AB = 30,

Check: AB = BRBC
x2 -6 5%
& 8 5(6)
9 « B 30
30

Answer: AR = 30,

Three points are collinear if they lie on the same line,

5 R 3 .
B c A C;\\
Figure 5, A, B, and C are collinear Figure 6, A, B, and C are not
AB =05, BC =3, and AC = 8 collinear, AB =5, BC =3, AC =6

A, B, and C are collinear if and only if AB + BC = AC,

EXAMPLE D, If A, B, and C are collinear and AC = 7, find x:

" F-2AX L Xl
A B c
Solution: Check:
AB + BC = AC AB + BC = AC
B-2x+x+1=7 B=-2x+x+11}7
G=x=7 8 -2(2)+2+1
2 =x 8 -4+ 3
L + 3
Answer: x = 2 7




Historical Note: Geometry originated in the solution of practical

problems, The architectural remains of Babylon, Egypt, and other ancient
civilizations show a knowledge of simple gecmetric relationships, The
digging of canals, erection of buildings, and the laying out of cities
required computations of lengths, areas, and volumes, Surveying is said
to have developed in Egypt so that tracts of land could be relocated
after the annual overflow of the Nile, Geometry was alsc utilized by
ancient civilizations in their astronomical observations and the
construction of their calendars,

The Greeks transformed the practical geometry of the Babylonians
and Egyptians into an organized body of knowledge, Thales (c, 636 -
c. 546 B.C,), one of the "seven wise men" of antiquity, is credited with
being the first to obtain geometrical results by logical reasoning,
instead of just by intuition and experiment, Pythagoras (c., 582 - ¢, 507
B,C,) continued the work of Thales, He founded the Pythagorean school,
a mystical society devoted to the unified study of philosophy, mathematics,
and science, About 300 B,C,, Euclid, a Greek teacher of mathematics at
the university at Alexandria, wrote a systematic exposition of elementary
geometry called the Elements, In his Elements, Buclid used a few simple

principles, called QEEEEE or postulates, to derive most of the mathematics

known at the time, For over 2000 years, Euclid's Elements has been accepted
as the standard textbook of geometry and is the basls for most other

elementary texts, including this one,



FROBLEMS
Find x if AB = CD:
5x—- 18 ax
A B c D
Find x if AB = CD:
5x = l¢ - 3 X
A B o D

Find x and AC if B is the midpoint of AC and AB = 3(x - 5) and BC = x + 3,

Find x and AC if B is the midpoint of AC and AB = 2x + 9 and BC = 5(x - §),

Find AB if B is the midpoint of AC:

X"~ 10 3x

A 8 A

Find AB if B 1s the midpoint of AC:

X° o+ Lk 5 X

3

A B c

If A, B, and C are collinear and AC = 13 find x:

i AX - | 2.5 TN
A B =

If A, B, and C are collinear and AC = 26 find x:




1.2 ANGLES

An angle is the figure formed by two rays with a common end point,
e T e =

The two rays are called the sides of the angle and the common end point is

ST

called the vertex of the angle, The symbol for angle is .
i T

A B ?
— —
Figure 1, Angle BAC has vertex A and sides AB and AC,

- =
The angle in Figure 1 has vertex A and sides AB and AC, It is

denoted by £ BAC or Z CAB or simply ZA. When three letters are used,
the middle letter is always the vertex, In Figure 2 we would not use the
notation Z A as an abbreviation for Z BAC because it could also mean

Z CAD or Z BAD, We could however use the simpler name Z x for . BAC

if "x" is marked in as shown,

v

A B

Figure 2, £ BAC may also be denoted by L x,



Aingles can be measured with an instrument called a protractor,
L N o

The unit of measurement is.called a degree, The symbol fo
\-"";/\..f“—

4
Ch
{1
9
H
W
(]

is O.

To measure an angle, place the center of the protractor (ofien
marked with a cross or a small circle) on the vertex of the angle,
Position the protractor so that one side of the angle cuts across 0, at
the beginning of the scale, and so that the other side cuts across a point
further up on the scale, We use either the upper scale or the lower scale,
wkichever is more convenient, For example, in Figure 3, one side of . BAC

crosses 0 on the lower scale and the other side crosses 50 on the lower

scale, The measure of / BAC is therefore 50o and we write .~ BAC = 500.

o
Figure 3, The protractor shows £ BAC = 507,

—
In Figure 4, side AD of L DAC crosses O on the upper scale,

=g
Therefore we look on the upper scale for the point at which AC crosses

and conclude that £ DAC = 130°,

W
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A

e

Figure 4, Z DAC = 4307,

EXAMPLE A, Draw an angle of 40° and label it Z BAC,

-
Solution: Draw ray AB using a straight edge:

A 8

N

_%
Place the protractor so that its center coincides with A and AB crosses

the scale at 0:




Mark the place on the protractor corresponding to 400. Label this point C:

Connect A with C:

Two angles are said to be equal if they have the same measure in

A

degrees, We often indicate two angles are equal by marking them in the same

way, In Figure 5, /A= 4B,

v

Vv

A B

m

Figure 5, Equal angles,

1
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An angle bisector is a ray which divides an angle into two equal

T e e N

P
angles, In Figure 6, AC is an angle bisector of L BAD, VWe also

bisects 4 BAD,

R

A -

A%

pr=r,
Figure 6, AC bisects L BAD,

—
EXAMPLE B, Find x if AC bisects £ BAD and /Z BAD = 80°:

.

v

Solution: x° =4 £ BAD = 4(80°) = 40°,

Answer: x = 40,

—
EXAMPLZ C. Find x if AC bisects Z BAD:

v

—
say AC



Solution: L 3BAC = L CAD
l?
=X = 3 +5
> < 2% T 3
- )
(2) 5x = (2)(3x + 5)
7x = 6x + 10
7x - bx = 10
x = 10
Check: L BAC = Z CAD
"Z‘ x° 3x + 50
£ (10)°[ 3(10) + 5°
35° 30 + 5°
35°

Answer: x = 10,



14

PRCBLEMS
1 - 6. For each figure, give another name for £ x:
& 2,
A D
A
X X
B c 7 B c
2 L,
C
A E B
& X >
D
6
5 . C'
X
D
A
X
L3 >’ -
b c A D B
7 - 16, Measure each of the indicated angles:
? . 8 .
A
A
/ \
( <. B &
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M

10,

12,

11,

14,

13.

16,

15,
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17 - 24, Draw and label each angle:

17. £ BAC = 30°, 18, / BAC = 40°,
19, / ABC = 45°, 20, 4 EFG = 60°,
21, £ BRsT = 72°, 22, /£ X¥Z = 90°,
23, /PR = 135°, 24, L JKL = 164°,

-
25 - 28, Find x if AC bisects /. BAD:

25, 26,

)'3'00

b 4
-
A

28,

W
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1.3 ANGLE CLASSIFICATIONS

Angles are classified according to their measures as follows:

An acute angle is an angle whose measure is between 0° and 900.
R

S,

A right angle is an angle whose measure is 900, We often use a
A e e

little square to indicate a right angle,

An obtuse angle is an angle whose measure is between 900 and 1800,

e T T S

A straight angle is an angle whose measure is 180°, A straight angle
e, T

is just a straight line with one of its points designated as the vertex,

A reflex angle is an angle whose measure is greater than 1800,

i

Y ' = ~
- 4 /;
acute angle right angle obtuse angle
< ; :> A(///////ﬁr\ ”
straight angle reflax angle

Figure 1, Angles classified according to their measures,

Notice that an angle can be measursd in two ways, In Figure 2,
o o) 5
/. ABC is a reflex angle of 240" or an obtuse angle of 120" depending on
how it is measured, Unless otherwise indicated, we will always assume

] s}
the angle has measurs less than 1807,
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Figure 2, [/ ABC can be measured in two different ways,

Two lines are perpendicular if they meet to form right angles,

& >
In Figure 3, AB is perpendicular to CD, The symbol for perpendicular

— >
is |  and we write ABL CD,

A
TE
90 ——90°
_\J - r_] & 9
A D B
< ey
Figure 3, AB is perpendicular to CD,

The perpendicular bisector of a line segment is a line perpendicular

g S N N

—
to the line segment at its midpoint, In Figure 4, CD is a perpendicular

bisector of AB,

A
 C
- l." [- /f
A E B
tD
v
S



Two angles are called complementary if the sum of their measures

is ¢0°, Each angle is called the complement of the other, For example,

angles of 60° and 30° are complementary,

Figure 5, Complementary angles,

EXAMPLE A, Find the complement of a 40° angle,
Solution: 90° - 40° = 50°,

Answer: 500.

EXAMPIE B, Find x and the complementary angles:

L4

A= ¢

Solution: Since £ BAD = 90°,

x2 +x = 390

o}

x2 + x - 90 = 0

(x = 9)(x+10) = 0O
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Z CAD = x = 9°,
£ BAC = ¥ = 9% = 81°,
Z BAC + £ CAD = 81° + 9% = 90°,
We reject the answer x = =10 besause the measure of an angle is always positive,*
Check, x = 9: Z+x = 90°
9+ 9
81 +9

90°

Answer: x =9, ALCAD = 90, ZBAC = 810.

Two angles are called supplementary if the sum of their measures
B L e N

is 1800. Each angle 1s called the EEEEEEBEEE of the other, For example,

angles of 1500 and 300 ars supplementary,

=

150

156 i
YL . w3 130

A

~
A
-

Figure 6, Supplementary angles,

*In trigonometry, when directed angles are introduced, angles can

have negative measure, In this book, however, all angles will be thoughti of

as having positive measure,



EXAMPLE C, Find the supplement of an angle of 10°,

Solution: 180° - 40° = 140°,

Answer: 1#00.

EXAMPLE D, Find x and the supplementary angles:
=
<

L ux=20/X
A D B

Solution: Since ZADB = 180°,

bx - 20 + x 180°

5x = 180 + 20

5x = 200
x = 40
L ADC = bx - 20 = 4(40) - 20 = 150 - 20 = 140°,
LBDC = x = 40°,
/ ADC + £3BDC = 140° + 40° = 180°,
Check: bx - 20 + x = 180°
B(40) - 20 + 40O
160 - 20 + 40
140 + 40
180°

Answer: x =40, £ADC = 140°,  £BDC = 40°,
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EXAMPLE E, Find x, y, 2z

Solution: x° = 180° - 80° = 100° tbecause x° and 80° are the

measures of supplementary angles,

(o]

y = 180°

- x° =180° - 100° = 80°,

o}

2° = 180° - 80° = 100°,

Answer: x = 100, y = 80, z = 100,

When two lines intersect as in EXAMPLE E, they form two pairs

of angles that are oprosite to each other called vertical angles, In
- e S

Figure 7, / x and / x' are one pair of vertical angles, ./ y and 4 y'
are +the other pair of vertical angles, As suggested by EXAMFLE E,
L x= /Zx'and L y= 27y, To see this in zeneral, we can reason
as follows: [/ x is the supplement of Z y so /Zx = 180° - « v,
£ x' is also the suvplement of L y so Zx' = 180° - « Y. Therefore

/Z x= A4 x'., Similarly, we can show Ly = £ y', Therefore vertical

angles are always equal,



Pl

Ly

Z zZ

Figure 7, £ x, £ x' and Ly, £ y' are pairs of vertical angles,
We can now use "vertical angles are equal" in solving problems:

EYAMPLE E (repeated), Find x, y, and z:

Solution:

fo) o o o
180" - 80~ = 100" because £ x is the supplement of 80,
80° tecause vertical angles are equal,
L X = 1000 because vertical angles are equal,

Answer: x = 100, y = 80, z = 100,
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2
Solution: Since vertical angles are equal, 10x™ = 40°,
2

Method 1: 10x™ = 40 Method 2: 10x~ = 40
10x> - 40 = 0 10x° - ko
> 10 10
(10)(x" = 4) = 0 >
2 X = 4
x =4 = 0
x = *t2

(x+2)(x=-2) = 0
x+2=0 Xx=-2=0
x = =2 x =2
If x = 2 then £ AEC = 10x> = 10(2)% = 10(4) = 40°,
If x = =2 then Z AEC = 10x° = 10(-2)% = 10(4) = 40°,
We accept the solution x = =2 even though x is negative because the value of

the angle 10x° is still positive.

Check, x = 2; Check, x = =2:
105> = 4o° 10x° = 140°
10(2)? 10(-2)?
40 10

Answer: X =2 or X = =2,

EXAMPLE G, In the diagram, AB represents a mirror, CD represents
a ray of light approaching the mirror from C, and E represents the eye
of a person observing the ray as it is reflected from the mirror at D,

According to a law of physics, ZCDA, called the EEg}g of incidence, equals

£ EDB, called the angle of reflection, If LCIE = 600, how much 1s the

N

angle of incidence?
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Solution: Let xo = / CDA = £ EDB,

180

x + x + 60

2x + 60 = 180

2x = 120

60

x

Answer: 600.

Note on Theorems and Postulates: The statement "vertical angles are

always equal” is an example of a theorem, A EBEEEEE is a statement which we
can prove to be true, A EEEB§ is a process of reasoning which uses statements
already known to be true to show the truth of a new statement, An example
of a proof is the discussion preceding the statement "vertical angles arse
always equal," We used facts about supplementary angles that were already
known to establish the new statement, that "vertical angles are always equal,”
Ideally we would like to prove all statements in mathematics which
we think are true, However before we can begin proving anything we need
some true statements with which to start, Such statementis should be so
self-evident as not to require proofs themselves, A statement of this
kind, which we assume to be true without proof, is called a EEEEEEEEE or
an EEEEE' An example of a postulate is the assumption that all angles can
te measured in degrees, This was used without actually being stated in our
proof that "vertical angles are always egual,”
Theorsms, procfs, and postulates constitute the heart of mathematics

and we will encounter many more of them as we continue our study of geometry,
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PROBLEMS

1, Find the complement of an angle of

(2) 37° (b) 45° (c) 53° (a) 60°

2, Find the complement of an angle of

(a) 30° (b) 40° (e) 50° (a) 81°

3 - 6, Find x and the complementary angles:

34 ' L, A

5X

7. Find the supplement of an angle of

(a)30° (v) 37° (c) 90° (@) 120°

8, Find the supplement of an angle of

(a) 45°

(v) 52° (c) 85° (4) 135°
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9 = 14, Pind x and the supplementary angles:

9, 10,

{ 2
A
11,
A
13.
A
C. IJC
)(Q_Qo IO X X %
A D B A D B

15 - 22, Find x, y, a2nd z:

15. 16,
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57

19.

21,

23 - 26, Find x:

23,




25, 26,

27, Find the angle of incidence, / CDA:

28, Find x if the angle of incidence is 40°:

A e

29
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1,4 PARALLEL LINES

Two lines arxe parallel if they do not meet, no matter how far they

e e e

— <
are extended, The symbol for parallel is |!l, In Figure 1, ABICD, The

arrow marks are used to indicate the lines are parallel,

A . 6 F
4
< R D P
7 E H
— — > >
Figure 1, AB and CD are parallel, FPigure 2, EF and GH are not
They do not meet no matter how far parallel, They meet at point P,

they are extended,

We make the following assumption about parallel lines, called the

rarallel postulate:

B e

Through a point not on 2 given line one and only one line can be
drawn parallel to the given line,
So in Figure 3, there is exactly one line that can be drawn through

s
C that is parallel to AB,

e -
0o

>
Tigure 3, There is exactly one line that can be drawn through C parallel ic AB,



LS )
>

2

lrm

is a transversal,

A transversal is a line that intersects two other lines at t

two
e S N N
T . Soin
distinct points, In Figure 4, EF is a transversal, &£x and £ x' are
. v = 2 ; 5 : ;
called alternate interior angles of lines AR and CD, The word "aliernate,"
e e e, e S, iy

here, means that the angles are on different sides of the transversal, one
e e . e o
angle formed with AB and thes other formed with CD,

means that they ares between the two lines, Notice that they form the

g 5)., £y and £y' are also alternate interior angles,

They also form a "Z" though it is stretched out and backwards,

Viewed fron

the side, the letter "Z" may also loock like an "N,"

e - 3 L o ey gl 4 ! T
letters may bve streiched out or backwards
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Alternate interior angles are important because of the following

theoren:

THECREM 1 (The "Z" Theorem), If two lines are parallel then their
alternate interior angles are equal, If the alternate interior angles of
two lines are equal then the lines must be parallel,

In Figure 6, ig.must be parallel to EE because the alternate interior
angles are both 300. Notice that the other pair of altermate interior
angles, £y and £ y', are also equal, They are both 150°, 1In Figure 7,

the lines are not parallel and none of the alternate interior angles are

equal,

Figure 6, The lines are parallel Figure 7, The lines are not
and their alternate interior parallel and their alternate
angles are equal, interior angles are not equal,

The proof of THEOREM 1 is complicated and will be deferred to the

avpendix,



EXAMFLE A, Find x, y and 2: 33

o
Solution: ABIICD since the arrows indicate parallel lines,

x° = 40° because alternate interior angles of parallel lines are equal,

© = 2% = 180° - 40° = 140°,

)
il

Answer: x = 40, y = 140, z = 140,

Corresponding angles of two lines are two angles which are on the
R W SRS o i S N e
same side of the two lines and the same side of the transversal, 1In
> Rt
Figure 8, £ w and £ w' are corresponding angles of lines AB and CD, They
form the letter "F." /x and<x', Zy and <y', and £z and <2z' are

s —
other pairs of corresponding angles of AB and CD, They all form the letter

“F," though it might be a backwards or upside down "F" (Figure 9),

L

=

M

Figurs 8, Four pairs of corresponding angles are illustrated,



Figure 9, Corresponding angles form the letter "F," though it may be a

backwards or upside down "F,"

Corresponding angles are important because of the following theorem:

THEOREM 2 (The "F" Theorem), If two lines are parallel then their
corresponding angles are equal, If the corresponding angles of twe lines

are equal then the lines must be parallel,

EXAMPLE B, Find x:

~

/"
t¢-—-

- >
Solution: The arrows indicate ABH CD, Therefore x° = 110o because

x° and 110° are the measures of corresponding angles of the parallel lines

S~ =
AB and CD,

Answer: x = 110,
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F/
o ;'Ir
fe_/
& o H/ 70° B
e
"o’ .
s N 6/ 70 D
A0
E

Figure 10, BEach pair of corresponding angles is equal,

Notice that we can now find all the other angles in EXAMPLE E,
Each one 1is either supplementary to one of the 110° angles or forms equal
vertical angles with one of them (Figure 10), Therefore all the corresponding
angles are equal, Also each pair of alternate interior angles is equal,
It is not hard to see that if just one pair of corresponding angles or
one pair of alternate interior angles are equal then so are all other pairs

of corresponding and alternate interior angles,

Proof of THECREM 2: The corresponding angles will be equal if the
alternate interior angles are equal and vice versa, Therefore THEOREM 2

follows directly from THEOREM 1,

In Figure 11, gx and /X' are called interior angles on the same
——— e~

M e e

side of the transversal,* <y and 4 y' are alsc interior angles on the same

e e

side of the transversal, Notice that each pair of angles forms the letter "C,"

Compare Figure 11 with Figure 10 and also with EXAMPLE A, The following

theorem is then apparent:
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Figure 11, Interior angles on the same side of the transversal form the

letter "C," It may also be a backwards "C."

THEOREM 3 (The "C" Theorem), If two lines are parallel then the
interior angles on the same side of the transversal are supplementary
(they 2dd up to 180°), If the interior angles of two lines on the same

side of the transversal are supplementary then the lines must be parallel,

EXAMPLE C, Find x and the marked angles:

Solution: The lines are parallel so by THEORZM 3 the two labelled
angles must be supplementary,

x + 2x + 30 = 180

Il

3x + 30 = 180

3x = 180 - 30

150

50

3x

]

X



37
LCHG = x = 50°,
ZAGH = 2x + 30 = 2(50) + 30 = 100 + 30 = 130°,
Check: x + 2x + 3x = 180°
50 + 2(50) + 30
50 + 130

180

Answer: x = 50, LCHG = 50°, ZAGH = 130°,

o H
EXAMPLE D, Find x and the marked angles: \
C

%

A 3X+%W B
=

Solution: £ BEF = 3x + 40° because vertical angles ars equal,
£ BEF and ZDFE are interior angles on the same side of the transversal, and
therefore are supplementary because the lines are parallel,
3x + 40 + 2x + 50 = 180
5% + 90 = 180
5x = 1380 - 90

5x = 90
x = 18
LAEG = 3x + b0 = 3(18) + 40 = 54 + 40 = o4°,
[ DFE = 2x + 50 = 2(18) + 50 = 36 + 50 = 86°,
Check: 3x + 40 + 2x + 50 = 180

3(18) + 40 + 2(18) + 50
54 4+ 40 + 36 + 50
oL + 86

180

Answer: x = 18, £AEG = ou°, L DFE = 86°,
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EXAMPLE B, List all pairs of

W

alternate interior angles in the
diagram, (The single arrow indicates

& <
AB 1is parallel to CD and the double

v

£
arrow indicates AD is parallel to A B

L
BC,)

Solution: We see if a letter Z or N can be formed using the line

segments in the diagram (Figure 12),

Figure 12, Forming the letter Z or N from the line segments in the diagram,

4
Answer: /DCA and ZCAB are alternate interior angles of lines AB and

<> <
CD, /DAC and /ACR are alternate interior angles of lines AD and BC,

EXAMPLE F, A telescope is pointed at a star ?Oo above the horizon,
What angle x° must the mirror BD make with the horizontal so that the star

can be seen in the eyepiece E7
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B A

Solution: x° = Z BCE because they are alternate interior angles
) - S w 0
of parallel lines AR and CE, /A DCF = L BCE = x because the angle of

incidence 1s equal to the angle of reflection, Therefore

x + 70 + x =180
2x + 70 = 180
2% =410
x = 55
Answer: 550,
SUMMARY

Alternate interior angles of parallel

lines are equal, They form the

letter "z,"




Lo

Corresponding angles of parallel

>

lines are equal, They form the
> N letter "F."

& Interior angles on the same side
of the transversal of parallel
lines are supplementary, ' They
form the letter "C,"

i >

Historical Note: The parallel postulate given earlier in this section

is the equivalent of the fifth postulate of Euclid's Elements, Euclid was
correct in assuming it as a postulate rather than trying to prove it as a
theorem, However this did not become clear to the mathematical world until
the nineteenth century, 2200 years later, In the interim, scores of
prominent mathematicians attempted unsuccessfully to give a satisfactory
proof of the parallel postulate, They felt that it was not as self-evident
as a postulate should be, and that it required some formal justificationm,
In 1626,N, I, Lobachevsky, a Russian mathematician, presented a
system of geometry based on the assumption that through a given point more
than one straight line can te drawn parallel to a given line (see Figure 13),
In 1854, the German mathematician Georz Bernhard Riemann prorosed a system

of geometry in which there are no parallel lines at all, A gecmetry in



W
which the parallel postulate has been replaced by some cther postulate is

called a non-Euclidean geometry, The existence of these geometries shows

that the parallel postulate need not necessarily be true. Indeed Einstein
used the geometry of Rlemann as the basis for his theory of relativity,

Of course our original parallel postulate makes the most sense for
ordinary applications, and we use it throughout this book, However, for
applications where great distances are involved, such as in astronomy,
it may well be that a non-Euclidean geometry gives a better approximation

of physical reality,

>C-.<

Figure 13, 1In the geometry of Lobachevsky, more than one line can be drawn

through C parallel to AB,
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PROBLEMS
For each of the following, statethe theorem(s) used in obtaining your answer
(for example, "alternate interior angles of parallel lines are egqual"),

Lines marked with the same arrow are assumed to be parallel,

1 -2, Find x, y, and z:

2 €
A & B
T 1359\ X°
. VYNZ
& 7 Pf\\\\\ D
F‘
L £
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P \
XO
c 50

J x° A
H p
9, 10, F
VAR
}.q H 5N x B D
E x° 120 F

ra

130° / °
< oAx _ 0D /@ /H
A C

c
11 - 18, Find x and the marked angles:

11, 12,

//  ax-31°
|~
G N X C HP 2%+ 5 _P

4

jant

13. 14,
PR
=
-
3%-50, -
AX+IO
A C 3X-130° D

g?\‘xth



15, 16,

X +17°
.

M
rd
N
g
.

19 - 26, For each of the following, list all pairs of alternate interior
angles and corresponding angles, If there are none, then list all pairs of
interior angles on the same side of the transversal, Indicate the parallel
lines which form each pair of angles,

19. 20,

N
- 8
D/>\

LN

A B

21, 22,

D " c
A 4 2
B E
% _
A D
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23, 2L,

- B A 2
26,
e
/
;%X
A " F B

A

5'_9 c . E
y. T8

27. A telescope is pointed at

2

a star 500 above the horizon,
¥hat angle x° must the mirror
BD make with the horizontal
so that the star can be seen

in the eyepiece E?

28, A periscope is used by sailors E;?T____
rF _____

in a submarine to see objects on I
the surface of the water, If i
L ECF = 900, what angle x° does

the mirror BD make with the horizontal?
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1.5 TRIANGLES

A triangle is formed when three straight line segments bound a portion
W

of the plane, The line segments are call